We present a detailed description of our submission for the M4 forecasting competition, in which it ranked 3 rd overall. Our solution utilizes several commonly used statistical models, which are weighted according to their performance on historical data. We cluster series within each type of frequency with respect to the existence of trend and seasonality. Every class of series is assigned a different set of models to combine. Combination weights are chosen separately for each series. We conduct experiments with a holdout set to manually pick pools of models that perform best for a given series type, as well as to choose the combination approaches.
Since the yearly series are not seasonal, this means we had 13 classes in total: 2 for yearly series, 4 for both monthly and quarterly, and a single class for each of weekly, daily, and hourly data.
Choosing the model pool
Each class of series is assigned a distinct model pool. The list of individual models we choose from, alongside respective R packages and functions, is given below. To calculate forecasts we used R 3.5.0 with packages "forecast" (version 8.2) (Hyndman & Khandakar, 2008) and "forecTheta" (version 2.2) (Fiorucci, Louzada & Yiqi, 2016) .
• Naïve models -Naïve 1, Naïve 2 (Makridakis, 2018) • Theta models -Theta method (Assimakopoulos & Nikolopoulos, 2000) [forecast::thetaf], Optimized Theta method (Fioruci, Pellegrini, Louzada & Petropoulos, 2015) [forecTheta::otm]
• Exponential Smoothing (ETS) models
• ARIMA models -ARIMA with automatic parameter choice [forecast::auto.arima]
• Linear regression models -linear regression of a series on various types of a trend (constant, linear, logarithmic) [stats::lm] , optionally applied to deseasonalized data Seasonality in automatic ETS and ARIMA methods is handled by their implementations in the "forecast" package. In other cases we use classical multiplicative decomposition.
These models form a default model pool for all clusters. The final pool for each cluster is a subset of this default pool. There is a slight exception to this rule for hourly, daily and weekly data, where multiple variants of each model may be present in the default pool. For hourly data, we consider two seasonality periods (24 and 168) by including two variants of each model. Each variant assumes a different seasonality period. For weekly and daily data, we add variants of models that operate on trimmed series, which allows us to focus on the latest observations. In the case of weekly data, we trim the series to the last few years. For daily series, we leave the last several weeks. The final pool may contain multiple variants of the same model and all of them may receive non-zero weights. Additionally, for hourly, daily, and weekly data we consider only trimmed variants of the ARIMA and ETS models to reduce the computational complexity. More details on this step can be found in the source code of our submission 1 and in the Appendix.
Model pool selection procedure
To determine the model pool for a class of time series, we follow the procedure below:
1. Start with a default pool, set the rolling origin evaluation parameters and the weighting formula to default values (described in later sections).
For each series in the class:
(a) Split the series into a training part and a holdout part. 
Rolling origin evaluation
For each model in the pool and each series in the class, perform a rolling origin evaluation (Tashman, 2000) with a constant window size 1. The number of origins N depends only on the series' frequency, thus, for example, all monthly series share the same value. For each series, we average the symmetric Mean Absolute Percentage Error (sMAPE) across origins using a weighting function f . This produces a vector of performance scores of models that is later converted into the combination weights (described in section 2.4). We choose f from among a simple arithmetic mean and a weighted mean with exponential weights, in which the later origins count more. The default value of f is a simple mean. Similar to N , f is chosen per frequency.
We find the best N and f after the model pool choice. For N , we check all values up to the respective forecast horizon (the default value of N ) and monitor the holdout set errors of the combination. Then we check all possible values of f , holding N fixed. It is worth noting that this means the rolling origin evaluation is performed twice for a given series: once on the training part, during parameter tuning, and once on the whole series, to calculate weights for the final prediction. Table 1 shows the chosen values of N . In most cases, we were able to make it significantly lower than forecast horizon without observing any meaningful difference in error magnitude on the holdout set. This is desirable because the computational cost of our method scales linearly with N .
Frequency yearly quarterly monthly weekly daily hourly N / h 3 / 6 8 / 8 10 / 18 13 / 13 8 / 14 24 / 48 For the f function, the default mean aggregation worked well for most frequencies. The two exceptions were daily and yearly series, where we observed a slight improvement using exponential weights.
We experimented with three error measures in the rolling origin evaluation: the sMAPE, the Mean Squared Error (MSE) and the OWA. We observed no noticeable difference in OWA error on the holdout set between these metrics. Since the choice of a metric for this step didn't seem to affect the accuracy of the combination, we decided to use the sMAPE as it was the most convenient.
Determining combination weights
The sMAPE errors are converted into weights using a formula g taking one of the following forms. A small epsilon is added to the denominator to avoid division by zero.
S is a vector of performance scores for a given series calculated in the rolling origin evaluation step.
All operations above are element-wise (i.e. applied separately to each element of S). The formula g is chosen per frequency, using exhaustive search while monitoring the mean holdout set error of the combination. The default value of g is g sqr . g inv has been chosen for hourly series and g exp for weekly series. In other cases the default g sqr performed the best, possibly because g was fixed to a default value during the model pool fitting phase.
The graphs displaying the mean model weights for each frequency can be found in the Appendix.
Calculating final forecast
Calculate forecasts of the series for models in the pool. The final prediction is defined as a weighted mean of those forecasts, using weights described in section 2.4. Moreover, since the M4 dataset contains no negative values, any negative forecasts are replaced with zeros.
Computations summary
Here we provide a brief summary of the computations described in the previous section. Let X be a yearly time series of length 30 with horizon 6. For the sake of simplicity, let's assume we chose N = 3, f = arithmetic mean, g = g sqr , and a set of models m 1 , . . . , m 5 .
1. Perform the rolling origin evaluation:
(a) Calculate e i,j , where i ∈ {1, 2, 3, 4, 5}, j ∈ {1, 2, 3}, and e i,j is the sMAPE error of the one-step-ahead forecast produced by m i fitted to the first 30 − j terms of X (b) Average the evaluation results for each model:
2. Compute the model weights:
3. Calculate F 1 , . . . , F 5 -6-steps-ahead forecasts created with m 1 , . . . , m 5 fitted to X 4. The final forecast is a weighted average of F 1 , . . . , F 5 using weights w 1 , . . . , w 5
Special cases
In addition to the above algorithm, we employed two heuristic procedures that improved the accuracy on the holdout set. These two additional steps occur after computing combination forecasts described in Sections 2 and 3.
Daily series
In the case of daily series, we were unable to find a model pool that would significantly outperform a single Naïve 1 model. Thus, we use forecast combinations for only a part of daily data.
Since the Naïve 1 predictor is best suited for time series originating in a random walk, we have heuristically identified such cases. For each daily series, we compare the sMAPE error on the holdout set of the Naïve 1 forecast to a threshold t rnd . If the error is smaller, we label the series as random and forecast it exclusively with Naïve 1.
We chose the value of t rnd after choosing the model pool, N , f , and g. We fixed those parameters and tested 10 evenly spaced t rnd values from the interval [0.01, 0.1] (the threshold had to be small). For each value, we determined which series are considered random, replaced the combination forecast for these series with the Naïve 1 prediction, and computed the mean holdout set error for all daily series. During experiments we settled on a threshold of 0.05, which resulted in roughly 90% of daily series being considered random.
Forecast by analogy
We were able to use forecasting by analogy to significantly boost the holdout set accuracy for daily and hourly data. We use the correlation coefficient to determine which series should be predicted this way. The correlation is computed between the last values of a given series and every window of every series in the dataset. Properly scaled and shifted continuation of the most correlated window replaces the combination forecast for the series, provided the correlation is strong enough. The detailed process for a series X = (x 1 , . . . , x n ) is described below. The procedure is parameterized by the window length M and the threshold t cor . The forecast horizon for X is denoted by h. X denotes the mean of the series and σ(X) is the standard deviation.
1. Let X ′ = (x n−M +1 , . . . , x n ) be the last M observations of X.
2. For every series Y = (y 1 , . . . , y m ) with the same frequency as X:
(a) For i from 1 to m − h − M + 1, compute the correlation coefficient between the window (y i , . . . , y i+M −1 ) and X ′ .
3. Let Z = (z 1 , . . . , z k ) denote the series containing the window most correlated with X ′ . Let
. . , z j+M −1 ) be that window. If the correlation exceeds a threshold t cor :
(a) Let Z ′′ = (z j+M , . . . , z j+M +h−1 ) be the continuation of Z ′ with length h.
(b) Replace the forecast for X with (
We arbitrarily picked M = 2h. we computed the holdout set error averaged across all series with the given frequency. We achieved the largest accuracy boost for 0.99 on daily data and 0.995 on hourly data. These values resulted in 33% of daily series and 40% of hourly series being predicted by analogy. For yearly and weekly series the results did not improve when using this method. We did not have enough time to try forecasting by analogy on monthly and quarterly data before the competition ended, but we did so after the test data has been released. For quarterly series, we did not observe any improvement.
However, for monthly series this method decreased the mean sMAPE error on the test set from 12.747 to 12.624. With t cor set to 0.995, 10% of monthly series were predicted by analogy.
Discussion
Combining statistical models was a very popular approach in the M4 competition (Makridakis, Spiliotis & Ass 2018). We believe that the key to success of our method was the careful choice of model pools and weights.
The choice of model pool was crucial in our experiments. Averaging all models never turned out optimal. We also observed that simply combining several top performing models did not result in the best choice either. For example, including the Naïve 1 model in the pool in many cases improved the accuracy, even though as a single model it often performed the worst.
After the test data has been released, we investigated the impact of the averaging function f and the weighting formula g on the three largest datasets: yearly, quarterly, and monthly. Different choices of f changed the test set error in a meaningful way only for monthly series. On the other hand, altering the formula g had a major impact on the accuracy in all cases.
In the case of series predicted by analogy, we did not use model combinations. It is possible that combining forecasting by analogy with other models would yield a better result.
We decided to use the window size 1 during the rolling origin evaluation step. This choice has been made due to its simplicity. We also tested the evaluation using one window with size N instead of N windows with size 1, but this method was significantly less accurate. There may still, however, exist a more optimal way to obtain performance scores.
The tuning of per-cluster parameters has been performed manually. We fit each of the parameters independently, in order to make it feasible given the time constraints. While manual inspection can provide intuitions about the impact of particular variables on the final performance, a proper grid search should ultimately result in a more optimal set of values. It would also enable lower-level choices, like using different values of N for different classes within the same frequency, which becomes physically impossible without automation.
Finally, the difference in the holdout set accuracy between the full list of models and the chosen pool was the largest for frequencies with a small amount of series (hourly and weekly). This might mean that a more fine-grained clustering of data could help improve the forecast quality.
Considering more time series characteristics would result in smaller and more homogeneous clusters, which should make it easier to fit specialized model pools.
Conclusion
In this paper, we described the forecasting methodology used in the M4 competition. The core of our approach is the combination of statistical models, with rolling origin evaluation determining the weights. The most important and the hardest task was choosing which models to combine.
We found the choice of the model pool to have a major impact on the accuracy, sometimes in an unexpected way. Including even weak models in the combination might improve the overall performance. At the same time, we found the fitting of the pool to be necessary, as the default setting was never optimal. We believe this should be the main takeaway from this research.
Appendix

Numerical forecast calculation example
In this section we present the forecast calculation process for a single quarterly series Q123 (Table 1) . Series Q123 has been classified as series with trend but with no seasonality. The model pool for that class has been comprised of 8 models, as shown in Figure 1 . For quarterly series, the chosen number of origins for the rolling origin evaluation step was 8. The errors were averaged across origins using an arithmetic mean. The weighting formula was an inverse square. Table 2 contains the rolling origin evaluation results for the classic Theta method. The number of origins is 8, so the model is fitted 8 times. The series value at origin k is the k th from last value of the series. The forecast at origin k is created with a model fitted to the series without the last k values. The weight for the Theta method is calculated as an inverse square of the mean sMAPE error listed in Table 2 : 0.007345856 −2 = 18531.7.
We compute the rolling origin evaluation values and the combination weights in a similar way for the rest of the models in the pool. Table 3 lists the weights for all models. The predictions of the individual models are then combined using a weighted average to create a final forecast. This is displayed in Table 4 and Figure 1 . (the ones predicted with combination). Other daily series were predicted with Naïve 1 (61%) or by analogy (33%). 
